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Abstract

This project prices vanilla and exotic European options in two independent ways: a Monte
Carlo simulation based on the Feynman—Kac representation, and a numerical solution of
the Black—Scholes equation cast as a heat equation via an operator-splitting scheme. Both
approaches are cross-checked against known analytical formulae. The Monte Carlo section
covers European, Asian, binary and lookback options. The diffusion section presents the
reduction to the heat equation, a Strang-split time evolution, and a comparison to the
analytical call surface both for a short-maturity market option and for a longer-maturity
benchmark.
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1 Monte Carlo Simulation of the Black—Scholes Formula

In order to do a Monte Carlo simulation with the goal to calculate option prices, we make use of
the so-called Feynman-Kac formula. The Black Scholes formula is given in 31. The Feynman
Kac formula applies to PDE’s (like the B-S) of type,

2
%a(é‘,t) + ;‘;;jb(s, t)? + 5 (S0 =0 (1)
with final condition C(S,T) = C(S) and dS = a(S(t),t)dt + b(S(t), T)dW. Applying that to
the Black-Scholes formula, we receive:

C(0) = C(8,0) = ("1 C(S(T))|S(0) = So)p (2)
where Sy is the current share price and P the martingale probability measure, under Cz_g =
(PV(C(T)))p-

From this one could derive the formula to calculate the current (european) option price like,
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meaning that for european options the payoff function V(S,T) depends only on the share price
S(T) and we can calculate this numerically.

In the case of european options, put and call, the payoffs do not depend on the share price
trajectories, thus inside a Monte Carlo simulation, we do not have to do x time-steps, but can
immediately calculate the sample S(t + T') instead of x steps &4 S(t + At).

We assume the price of the stock to behave like Geometric Brownian motion with drift » and
volatility o:

C(0) = /0 T dSeTO(S,T)

S(t+ At) = S(t)er—2o)AFIVAE ¢ o Af(0, 1) (4)
Using this assumption and formula, we can also price exotic options like asian or lookback
options.
So to realize the Monte Carlo simulation, we start at ¢ = 0 with S(0) = Sp then we split the
time 7" into steps (an integer) of size At. That way we generate Njs¢ trajectories {S(¢)} in the
range 0 < ¢t < T. For each trajectory we compute the payoff, according to the options payoff
functions as defined later, and finally we estimate:

Nyeo
(e_TTC(S(T))]S(O) = So)p ~ NLC Z e "TC(S(T)); (5)
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In each step we generate a random number £. This random number is generated using the
Mersenne Twister algorithm (std::mt19937_64) under a normal distribution with 4 =0, o = 1.

The way i implemented this in C++ is, i created a class called BlackScholes which holds the
following members:

N = Nyc, number of Monte Carlo trajectories
stepSize number of At time-steps per trajectory
type option type (asian, binary, european, lookback)

X, r,sig, T strike, risk-free rate, volatility o, maturity

S0 initial stock price Sy
S array of stock prices along the current trajectory
payoffs array of payoffs, one entry per trajectory

discounted discounted payoffs, e™"T - payoffs
dt = At, single sub-step size
lastPrice  pointer to the last entry of S



The member type selects the payoff function F'; which differs both by option type (asian, binary,
european, lookback) and by put/call. S stores the stock prices of the current trajectory and is
used inside path-dependent payoff functions (e.g. the Asian options). For the European and
binary options it is sufficient to use lastPrice, a pointer to the last entry of S. Finally payoffs
and discounted store the (undiscounted and discounted) payoffs of each trajectory, from which
we recover today’s option price C(S,0). Finally we take the mean of all discounted option prices
to calculate an estimate of the true option price:

Nye
C(0) ~ NLC S e TO(S(T)); (6)
=1

with the standard error:

W e TC(s(T)
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(7)

1.1 Option Types

In my Monte Carlo simulation i simulate the following option types and compare them with
their analytical solution.
European Call: Right to buy at strike X.
Payoff function:
F(S,T) = max(Sr — X,0) (8)
Analytical function:
Cruro(S, T) = SoN(d1) — Xe "IN (dy) (9)

with ( )
In(So/X) + (r+302) T
dy = L do=dy—oVT 10
1 T 2=d1—0o (10)

and (N is the CDF of the standard gaussian):

N(z) = o(z) = L <1 +erf(j§>) (11)

European Put: Right to sell at strike X.
Payoff function:

F(S,t) = max(X — S7,0) (12)

Analytical function:
Piuro(S,T) = Xe "' N(—d) — SoN(—d) (13)

Asian Call (arithmetic average): Depends on average stock price over the path.
Payoff function:

F(S,T) = max(S — X,0), where(S = 1 ZSti). (14)
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Analytical function (taken from [2]):
Cuasian (S0, T) = exp[((p = 1)T)] (So®(d1) — X exp [(~pT)®(d2))] (15)

where (m is equal to the number of steps per trajectory)
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Asian Put (arithmetic average):
Payoff function:
_ _ 1
F(S,T) = X —-5,0 here(S=—Y S). 18
(5,T) = max( ,0),  where( TLEg; ) (18)
Analytical function:
Pasian(S0,T) = exp [(p — r)T] (X exp [—pT] ®(—ds) — So®(—d1)) (19)
Binary Call: Fixed cash if in-the-money.
Payoff function:
F(S,T)=0(Sr — X) (20)
Analytical function:
Chin(So, T) = ¢ "T®(dy — oV'T) (21)
Binary Put:
Payoff function:
F(S,T)=0(X - Sr) (22)
Analytical function:
Poin(S0,T) = e " ®(—dy) (23)

Lookback Call (floating strike): Payoff is the difference between price at maturity and the
minimum value of the asset price over the duration of the option lifetime; formulae taken from [3].

Payoff function:

F(S, T) = max(ST — Sminy 0) (24)
Analytical function:
—rT SOO_Q —rT (T %
Cra(S0,T) = So®(a1(S,m))—me™"" ®(az(S,m))— o &(—ai(S,m)) —e 5 ®(—az(S,m))
(25)
with:
M = max S;, m= min S, (26)
0<7<T 0<r<T
where: (S/H) + 12
In(S/H) + (r+ 50°)T
S,H) = 2 , 27
a1 (S, H) T (27)
2ry/T
as(S, H) = ay(S, H) — oVT, a3(S,H) = a1(S,H) — T;_F (28)
Lookback Put (floating put):
Payoff function:
F(S,T) = max(Smaez — ST,0) (29)
Analytical function:
—rT SOO_2 —rT M i’"
Pg= —SQ(I)(—al(S, M))+M€ N(—CLQ(S, M))+ o ‘P(CH(S, M)) — ? N(ag(s, M)
0
(30)



1.2 Results

In the following i will present the results of the Monte Carlo simulations, compared with their
analytical values.
In all simulations, except the lookback option simulations and the european call option simulation
we use Npsc = 100000 and ngeps = 250 At time steps per trajectory.

In Fig. 1 we see that the trajectory shows strong spikes in the beginning, this is because the

BKX_european_call

—— MC Running mean
MC Price = 15.4595

77 [ o =0.00574445

————— Analytical = 15.4475
Bid/Ask [13.10, 17.40]
Deviation = 2.100

16

Option price

14

13

(I) 20600 40600 60600 80600 100‘000
Number of trajectories

Figure 1. BKX European Call option with maturity date 2013-03-16, quoted on 2013-
01-02. Bid: 13.1, Ask: 17.4; Ny = 10000, Sp = 52.93, X = 37.5, r = 0.01, 0 = 0.1586,
T = 17/365; data from [1].

running mean has less values to be computed on and thus shows a higher variance. In the
next plots i will remove the first 20% of data points to showcase the motion of the option price
depending on the number of trajectories with a more stable running mean.
We see that the simulation returns an option price that is within the price regime (ask-bid) of
the actual option, and has a deviation of 0.940 to the analytical price. In Fig. 2 we see that for
the given european put option we get a sensible price from the monte carlo simulation within
1.540 of the estimated analytical solution, and well within the quoted bid/ask price of that day.
We realise that the Monte Carlo simulations seem to provide reasonable results; the results
from both lookback options are poor, as one can see by the high deviation (in o). However, [5]
reports that floating-strike lookback options do perform poorly in Monte Carlo simulations,
with similar deviations from the analytical value. One interesting fact is that the LookBack
simulations seemed to perform better if the step size was increased, the bigger the better it
seems.
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Figure 2. DJX European put option with maturity date 2013-01-19, quoted on 2013-01-02;
So = 134.13, X = 134.0, r = 0.01, 0 = 0.1183, T' = 17/365; data from [1].
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Figure 3. Asian call option; fictive bid/ask values are the max/min from the Monte Carlo
reference in [2]; Sp = 100.0, X = 0.90, »r = 0.05, 0 = 0.20, T = 1.
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Figure 4. Asian put option, with parameters being the same ones as for the European
Put but calculated as an asian option (i could not find free data), Sy = 134.13, X = 134.0,
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Figure 5. Binary call option; parameters taken from [4], whose result is 0.23458 + 2%
(indicated as the fictive bid-ask range). Sy = 121.675, X = 150, » = 0.0156, o = 0.7860,
T = 90/365; risk-free-rate is the 5-year treasury bill yield.
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Figure 6. Binary put option, with parameters being the same ones as for the European Put
but calculated as a binary put option (i could not find free data), Sy = 134.13, X = 134.0,
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Figure 7. Lookback call option with parameters from [3]; the analytical formula assumes
a minimum price 10% below Sy;. Sy = 100, r = 0.1, 0 = 0.3, T = 1, Njy;c = 10000,
Ngteps = 10000.
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Figure 8. Lookback put option with the same parameters as the above call option, the
analytical equation assumes a max price of 10% higher than Sy, Nase = 10000, nsgeps = 10000



2 Black—Scholes as a Diffusion Equation: Derivation
We have the Black-Scholes equation:

0C 1, ,0°C  9C -

with the following boundary conditions:

C(S,T) = max(S — X, 0) (1)
C(0,t) =0, Jim C(S,4) o 8. (32)

We rewrite Eq. 31 in the following way:

aC 1, .0 1, .0C B
at+2a(S )C+(r—20)585—r0—0 (33)

oS

We introduce the following change of variables:
S = ey t — T — T (34)

This change of variables is motivated by the fact, that the underlying process described by S is a
geometric Brownian motion (that’s how the stock price behaves). That way y = log S describes
a Brownian motion (with a possible drift).

Secondly the evolution of the system is backwards from the terminal state of the system, thus
we have to reverse time.

This results in

0 0 0 0
555~ oy’ o Tor (35)
giving us a new form of Eq. 33:
oC 1 ,0°C 1,00

Now we see that if we were to get rid of the last two terms, we would have a diffusion equation.
Next we discount the option price C' with (remember 7 < —t)

u(y,7) = e C(y,7) (37)
This substitution then leads (due to the chain rule) ae(;:“ =—re "Tu+ 67”% and helps us to

get rid of the previous rC' term. We receive the following equation:
— =0 (38)

Now we are left with a single partial derivative with respect to y. This one does not cancel yet,
unless r = %02 because we have not taken into account the drift of the Brownian motion. The
drift is linear in time 7, thus we can make the following substitution:

1
r=y+(r— 502)7, T=t (39)

We then receive an equation of form:

ou _
or
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The function u(z,7) is defined for —oo < x < oo and 0 < 7 < T'. The terminal condition Eq.
1 of the original Black-Scholes problem becomes the initial condition of the heat equation at
7 = 0. The substitutions we did so far (u = €""C and z = y + (r — 302)7) reduce at 7 =0 to
the identity (u = C, x = y = log ), so the initial condition is simply the call payoff written in
the new variable x:

u(z,0) = up(r) = max(e” — X, 0). (41)

This is just the standard max(S — X, 0) payoff, evaluated at S = e*.
The solution of the equation is given by the known solution of the heat equation:

1 0 _(z—s5)?
u(z,7) = / ug(s)e” 202r ds (42)

o\ 2T

We can evaluate this integral and then return to the former variables (z,7,u) — (5,t,C) via

C(S,t) =e "u(log S + (r — 30°)7, T), T=T—t. (43)

3 Numerical Approach for the Diffusion Equation

Now we want to solve the diffusion equation numerically, for the Black Scholes model.
We choose a spatial domain = € [Zin, Tmaz] and discretize it into L grid points with spacing
Azx.
Let
wi (1) = u(zg, 1), i=1,---,L (44)

so that essentially it becomes a vector like

u(r) = (45)
ur(7)
The time evolution now happens by updating this vector within the numerical simulation.

Looking at Eq. 40, we realize that we have a second derivative, we use the standard central
difference to rewrite it as:

2 Uit1—Uj Ui —Usi—1
0 u(l‘, T) - Az - Az - Ui+1 — QUZ‘ + Ui—1

~ ~ 46
0z2 Ax (Az)? (46)
We can go further by writing out the full diffusion equation:
Ou(zx, 1) Uity — 2u; + Ui
— 2 =D 47
or (Az)? (47)
where we defined D = %2
Now for the full grid we can rewrite this equation using a matrix, calling it H
2 -1 0 . . . 0 |
-1 2 -1
0o -1 2
H = . (48)
0
2 -1
0 .0 =1 2

10



to be of form:

ou(r) D
= _ Hi 49
or (B 18T (49)
The matrix H can then be decomposed into the two matrices

11 —11 0 . . . 0 10 0 0

- 0 0 1 -1

i 0 O 11 -1 | 0 -1 1
= — . an B— .
0 . -1 0
- . 1 1 0
Lo 0=l o . . .0 0 1

So it means now that H = A + B and that the solution to our diffusion Eq. 49 is then
@t + Ay) = A (7) (50)

where A, is the size of one numerical time step.

Now since H is neither diagonal nor block-diagonal, we do not really know how the exponential

looks, and also since these are matrices and not numbers, generally el # e”eB | but using the
Lie-Trotter product formula, to first order (see [6]):

et(A—i-B) — lim (et/i/net];’/n)n (51)

n—oo

we can approximate to second order the exponential of the matrices (the proof is done via some
steps involving the Baker-Campbell-Hausdorff formula since the matrices don’t commute) such
that we get the second order product formula (Strang splitting):

N 1 s . 1
A 30AN: jaBA,  FaAA: (52)

Finally the full time evolution for our system over the total interval T" is then done by applying
this time-stepping formula m times, with A, =T /m:
N 1 . 1 m
QT <€2aAAT caB A ezaAAT) ' (53)

The diffusion equation can then be solved by 50, with the usage of 53. The matrix exponential

of a block diagonal matrix, where each block is of the form X = l—ll 71 , can be easily
determined by computing
N 0
X =N XF =14 (27 -1) (54)
= k! 2

where 1 defines the identity matrix.
Practically in my simulation A and B are block-diagonal L x L matrices where the first block of

B and the last block of A are 1 x 1 unity blocks, and the rest are 2 x 2 blocks of the form X
~ 1 o
above. Reading off the half-step exponent from Eq. 52, the half-step factor for A is e2*A X and

the full-step factor for B is DX Defining the dimensionless number

DA,

B =al; = Az’

(55)
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the per-block matrices that appear in the Strang substep are

N 1 B8 _ B R
ok 1 i jiﬁ h ®|  (haltstep for A). (56)
N 1(1+ e28 1 — 28 A
BX — 5 ll D2 142 (full-step for B), (57)

and the lone 1 x 1 blocks at the corners pick up e?/2 (for the last block of A) and e (for the
first block of B), respectively. In the code these matrices are constructed once, and the Strang
substep is applied m times in the time loop.

Finally in order to be able to write our simulation, we need to define the correct intial conditions
with the transformed variables. From Eq. 41 we already have the initial condition in closed

form,
4;(0) = max(e™ — X, 0), (58)

which is just the call payoff evaluated at the grid points 5; = e*i. This means that each grid
point will have the value u;(0) assigned to it at the beginning of the simulation. The variable
x is directly related to S as it is defined as = = log S + (r — %02)7', which directly denies the
possibility of having a stock price S = 0. So i chose Syin and Sy, to lie well away from the
strike X, with Sy, a small fraction of X and S, several multiples of X. With these values
for S i calculate the max and min value for x and space them equally on a grid of L = 1001
points, where Az is the difference between each point.

During the simulation we also have to make sure that the boundary conditions are correct. For

the left boundary (S — 0) we have
c0,t) =0 — Egl u(z,7) =0, (59)
so u1(7) = 0 throughout the simulation.

For the right boundary (S — o0), we know that for large S the call price behaves as C(S5,t) ~
S — Xe (T Plugging this into u = €’7C' together with S = et (r=o?/2)r gives

1
W(Tmax, T) ~ e Pmaxt3ot T _ X (60)

At every time step we set ur(7) to this asymptote.

3.1 Results

With the initial condition Eq. (58), the Strang split Eq. (53), the 8 from Eq. (55) and the
boundary conditions above, the numerical solver reproduces the analytical Black—Scholes price
to within the spatial discretisation error of O(Az?).

We test it on the BKX European call from the Monte Carlo section, using the exact same
parameters (Sy = 52.93, X = 37.5, r = 0.01, 0 = 0.1586, T" = 17/365). Fig. 9 shows the
numerical curve C(S,0) from the diffusion solver overlaid on the analytical Black—Scholes price.
The two curves are visually indistinguishable; at S = Sy the numerical price is 15.388 versus an
analytical 15.448, a relative deviation of 0.4%. This is well within the quoted bid—ask spread
(13.1/17.4) for that day.

Because the BKX maturity is only 7' = 17/365 ~ 0.047, the heat-equation evolution barely has
time to smooth the kink of the payoff, and the surface C'(S,t) is almost the payoff itself. To
actually see the diffusion at work, i also ran the same solver on a textbook-style set of parameters
T=1,0=0.30, r=0.05, X =100, where the kink has plenty of time to smooth out. Fig. 10
shows the resulting numerical surface side-by-side with the analytical Black-Scholes surface, and

12



BKX European call: diffusion solver vs analytical
T=17/365, 0=0.1586, r=0.01, X =37.5
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Figure 9. BKX European Call: numerical price C(5,0) from the diffusion solver (red
dashed) overlaid on the analytical Black—Scholes price (black). Markers indicate the value
at So. Bid: 13.1, Ask: 17.4; Sp = 52.93, X = 37.5, = 0.01, o = 0.1586, T = 17/365; data
from [1].

Call surface: T=1, 0=0.30, r=0.05, X=100

Numerical diffusion solver Analytical Black-Scholes

(3'5)2

Figure 10. Call-price surface C(5,t) versus S and 7 = T — ¢ from the diffusion solver (left)
compared with the analytical Black-Scholes surface (right). Parameters: T =1, ¢ = 0.30,
r = 0.05, X = 100.
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Diffusion solver overlaid on analytical surface
T=1,0=0.30, r=0.05, X= 100

e numerical samples

\+ I

Figure 11. Same data as Fig. 10: numerical samples (red dots) overlaid on the analytical
surface. The samples sit on the surface, which is what we want.
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Fig.

11 overlays the numerical samples (red dots) on the analytical surface (smooth colormap)

to emphasise that the two agree pointwise.

To get a quantitative feel for the agreement, Fig. 12 shows three slices at 7 = 0 (the payoff),

T =

0.25 and 7 = 1 (deep into maturity). At 7 = 0 the numerical curve sits exactly on the kinked

payoff, as it should — this is the initial condition Eq. 58 verbatim. At intermediate 7 the curves
agree to the eye. At 7 = 1 there is a small undershoot at large .S; this comes from imposing the
finite-rnax asymptote Eq. 60 on a truncated grid, and shrinks if one pushes x,,x further out.

Fig. 13 shows the pointwise error Cyum — Cgs on the same grid; the error is everywhere small
compared to the price level and is concentrated near the right boundary at late 7, exactly where
one expects it.

Diffusion solver vs Black-Scholes at fixed T (T=1, 0=0.30, r=0.05, X =100)

7=0.000 7=0.253 7=1.000

1204 = analytical
——- numerical

25 50 75 100 125 150 175 200 225 25 50 75 100 125 150 175 200 225 25 50 75 100 125 150 175 200 225
s S s

Figure 12. Slices of C(S,t) at three values of 7 for the T'= 1 benchmark. Black: analytical
Black-Scholes; red dashed: diffusion solver. The dotted vertical line marks S = X.

Overall the diffusion-equation solver agrees with the analytical Black-Scholes price across the
whole (S, 7) surface within the expected O(Ax?) discretisation error, both for the short-maturity
BKX option used in the Monte Carlo section and for the longer-maturity benchmark 7" = 1.
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Pointwise error of the diffusion solver
T=1,0=0.30, r=0.05, X=100

Figure 13. Pointwise error Cpum — Cps on the same (S, 7) grid as Fig. 10. The error is
small in magnitude and concentrated near the truncated right boundary at large 7.
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Al Usage

Claude Opus (Anthropic) was used to (i) refine the writing style of this report, (ii) resolve a
numerical issue in the diffusion-equation solver where the discretised time step in the Strang
splitting was mis-scaled, and (iii) generate the three-dimensional comparison plots (Figs. 10,
11 and 13) as well as the slice plot in Fig. 12. The physics content, the derivations, the Monte
Carlo implementation and the analytical formulae are my own; the Al tool acted as an editing
and plotting assistant.
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